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Ctpore 03Ha4yeHHA maTtemaTnku (a la Bourbaki)

MaTtemaTuKa — HayKa Npo MaTemaTUyHi CTPYKTYPU, AOCNIBHO:

Mathematics has less than ever been reduced

to a purely mechanical game of isolated formulas;

more than ever does intuition dominate in the genesis of
discoveries. But henceforth, it possesses the powerful tools
furnished by the theory of the great types of structures;

in a single view, it sweeps over immense domains,

now unified by the axiomatic method,

but which were formerly in a completely chaotic state.

Charles-Denis Sauter Bourbaki
(1816 — 1897)

“The Architecture of Mathematics”,
Bourbaki, 1950



Nicolas Bourbaki — KONeKTUBHUI NMCEBAOHIM rpynu GpaHLy3bKNX MAaTEMATUKIB,
cTBopeHoi B 1935 poui 3 meToo NOBTOPUTU noasur EBkAiga i CTBOPUTU HOBI

NiAPYYHUKN 3 BULLOI MAaTEMATUKM AK HAYKM NPO MaTeEMATUYHI CTPYKTYPW,
BUKOPUCTOBYHOUYM MOBY TEOPIT MHOXXWH.

Henri Cartan André Weil René de Possel Charles Elresmann Laurent Schwartz
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N. Bourbaki: E/éments de mathématique

I. Théorie des ensembles (1939)

. Algébre (1942)

Ill. Topologie générale (1940)

IV. Fonctions d'une variable réelle (1949)

V. Espaces vectoriels topologiques (1953)

VI. Intégration (1952)

VII. Groupes et algéebres de Lie (1972)

VIIl. Algébre commutative (1961)

IX. Théories spectrales (1967)

X. Variétés différentielles et analytiques (1967)
Xl. Topologie algébrique (2016)

XIl. Eléments d’histoire des mathématiques (1960)
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[1paKTUYHO BCI BaXX/1IMBI MaTeEMATU4YHI CTPYKTYPU
NPUCYTHI HA AIUCHIN NPAMIN, AKA € 0AHOYACHO:

OpiEHTOBAHUM rpadom, YaCTKOBO BMNOPAAKOBAHOK MHOXWUHOI, NiHIMHO
BNOPAAKOBAHOK MHOXWHOK, YHAPOM, Marmoto, HaniBrpynow, rpynoto, Kibuem,
nosem, BNopAAKOBAHOI FPynoto, BNOPAAKOBAHUM NosemM, METPUYHUM MPOCTOPOM,
TONONOTIYHUM NPOCTOPOM, PIBHOMIPHMM MPOCTOPOM, TPYBMM NPOCTOPOM,
NIHIMHUM NPOCTOPOM, BINIHIMHUM NPOCTOPOM, MPOCTOPOM 3i CKANAPHUM A0OYTKOM,
HOPMOBaHUM NPOCTOPOM, bBaHaxoBUM npocTopom, baHaxoBoto anrebpoto,
nepearinbbepToBMM NPOCTOPOM, TiZIbOEPTOBUM NMPOCTOPOM i T.A.

MuTaHHA: Aka mamemamu4yHa cmpyKmypa ornucye 2eomempito Eexknioa?
Yu icHye 8UKnao esknido8oi 2ceomempii AK OOHIEI 3 MaMeMamu4yHUX CmMpyKkmyp?
[nsHO, ane bypbaki y cBOiX «EnemeHTax» He Aanu BigNoBiAi Ha Le NUTaHHA...




Screen shot from MathOverflow:

What is a good definition of a mathematical structure?

Asked 2 years, 10 months ago  Modified 2 years, 7 months ago  Viewed 712 times

At the moment | am writing a textbook in Foundations of Mathematics for students and trying to
give a precise definition of a mathematical structure, which is the principal notion of structuralist

4 approach to mathematics, formed by Bourbaki. Intuitively (and on many examples) the notion of a
mathematical structure is clear: this is a pair (X, .S) consisting of a set X, endowed with a
structure S, which is a set somehow related to X. This relation of S to X is well-defined in
universal algebras or first-order theories. What about the general case?

N

| have a strong feeling that such questions has been already studied (and some standard
terminology has been elaborated), but cannot find (simple) answers browsing the Internet. | would
appreciate any comments on these foundational questions.

reference-request | ct.category-theory | | model-theory | | foundations  Edit tags

Share Cite Edit Close Delete Flag edited Jun 15, 2020 at 7:27 asked May 21, 2020 at 11:21
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BubpaHi KomeHTapi:

2 A

| often see Bourbaki's structures quoted, but it never includes the definition (e.g., the "mathematical
structure” Wikipedia page says essentially nothing about them— what they say suggest that the writer
had little idea about what they are). | see little point in quoting them if one completely ignores their
formalism, which is precisely defined. — YCor May 21, 2020 at 13:18 /'

@YCor By the way, what is the definition of a mathematical structure according to Bourbaki?
— Taras Banakh May 21, 2020 at 13:44

| once open the book at the right pages and it would take a while to read and understand, and | didn't so
far. But it's your own question: quoting the "structuralist approach due to Bourbaki" let assume that you
have an idea about what is it. — YCor May 21, 2020 at 13:49 /'

@YCor What is totally strange is that in French Wikipedia there is no page "Mathematical Structures” at
alll But this should be the first language where this Bourbakist notion had to be explained! Moreover that
there are whole books explaining the importance of mathematical structures of Bourbaki to the modern

development of mathematics. Isn't it strange? — Taras Banakh May 21, 2020 at 13:49

France or French Wikipedia has particular responsibility to advertise Bourbaki's foundations. I'm not sure
what you mean with "whole books", but certainly | see no point in quoting work when one has no idea
about what it is. — YCor May 21, 2020 at 13:53

@YCor On one hand, every mathematician has a (I suspect vague) idea what is a mathematical structure
via examples. The preceise definition is somewaht escaping as well as the precise definition of the subject
of mathematics. What does it study? We should somehow to answer this question teaching students the
couse in Foundations of Mathematics. After thinking a bit | arrived to the definition | suggested in my
question: a mathematical structure is a pair of sets (or better classes) (X, .5’} which are related somehow,
L.e., via precisely defined formulas of Set Theory. — Taras Banakh May 21, 2020 at 13:55



MaTemMaTn4HI CTPYKTYpU

O3HavyeHHA: MaTeMaTUYHOK CTPYKTYPOO HAa3MBAETLCA BNOPAAKOBAHa napa (X, S) aABox
MHOWH, WO 3340BOJIbHAE NEBHUMN CMUCOK A aKCIOM, XapaKTEPHUX ANA LiEI MaTEMATUYHOI
CTPYKTYpU. AKciomoto HasmBaeTbea popmyna @ (X, S, Cy, ..., C,,) 3 BiIBHUMU 3MIHHUMMU
X,S,Cq, ..., C,, cepeq akux Cy, ..., C,, € neBHUMMN GIKCOBAHUMU MHOXKMHAMU (NapameTpamu).

Hanpuknapa, A1 BEKTOPHUX NPOCTOPIB Haa nonem F ue nose BUCTYNaE K NapameTp B
aKCioMax BEKTOPHOTrO Nnonsd, a AN METPUYHUX NPOCTOPIB TAKMM NAaPaMETPOM € MHOXWNHA
AincHmnx ymcen R.

Ana matemaTnyHOI CTPYKTYpM (X, S), MHOXKMHA X Ha3smBaeTbcA ii Hociem (underlying set),
a S — CTPYKTYPOK MaTeEMaTUYHOT CTPYKTYpPMU.

3aNeXKHO Bia BUIMNAAY aKCIOM 3i CIUCKY A, MaTeMATUYHI CTPYKTYPU NOAINAIOTLCA Ha
enemeHTapHi (Ana HUX aKCiOMKM MICTATb inwe KBaHTopu Buay Vx € X abo dx € X) Ta
HeenemeHTapHi (pi3HOro NoOpPAAKY CKAAAHOCTI, HANPUKNaa ANA ApYyroro NopAAKY A03BONEHO
MmaTu KBaHTOopn VA € X" un 44 € X, aKi nepebupatoTb BiaHoWeHHA Ha X).

TaKoXK po3pi3HAOTb 6a30Bi CTPYKTYPU (NopAaaKoBi, anrebpaivyHi, MeTpMYHi, TONONOTiYHiI) Ta
CKNafeHi cTpyKtypu (Tob1o KombiHaLii 6a30BUX CTPYKTYP).



[TpyKnaaom nopAaAKOBUX MAaTEMATUYHUX CTPYKTYP

Def. [pagom Ha3mBaeTbca maTemaTmnyHa ctpyktypa (V, E), Wo cKnagaeTbea 3
MHOMCUHU 8epwuH V' Ta MHoMuUHU pebep E € {{a,b}:a,b € I/'}.

Def. /lizpachom Ha3nBaeTbca matemaTuuHa ctpyktypa (I/, E), Wo cKnajaeTbes 3
MHOMCUHU sepwuH V Ta MHOXUHU opieHmMosaHux pebep E € IV X I/,

Yepes xEy 3py4yHO no3HavaTn popmyny (x,y) € E.

Def. KeazienopsadkosaHoto MHOMUHO Ha3mnBaeTbea airpad (V, E), cTpyKtypa E
AKoro mpaH3umueHa: Vx,y,z (xEy A yEz — xEz).

Def. BnopA0KoB8aHOH MHOXUHOK HAa3MBAETLCA KBA3iBMNOPAAKOBAHA MHOMMHA
(V, E), ctpyktypa E akoi aHmucumempuyHa: ¥x,y (xEy A yEx — x = ).

Def. /liHiliHoO 8rIOpPA0KOBAHOK MHOMUHOK Ha3UBAETLCA BMOPAAKOBAHA
MHOXUHa (V, E), ctpykTypa E sikoi aiHiliHa: Vx,y € V (xEy V yEx V x = y).

Mpuknap. Yncnosi MHOXMHNM N C w € Z < Q € R niHinHO BNOpAAKOBAHI
nopagkammn < abo <.



I3omopdizmu Ta aBTOMOpPPIi3MU MATEMATUYHUX CTPYKTYP

O3HauyeHHaA (iHTyiTnBHE): I30Mmopdizmom matemaTuuHUx cTpyKTyp (X, S) 1a (X', S")
Ha3MBaETbCA BiEKTMBHE BigobpaxeHHaA [: X — X', o Bigobparkae CTPYKTYpY S Ha CTPYKTYpY
S" (B neBHOMY CeHci, 3a/1eXKHOMY BiJ, TUMY MaTeEMaTUUYHUX CTPYKTYP). [Bi mMaTemaTuyHi
CTPYKTYPU HAa3MBaAOTb I30MOPPHUMMU, AKLLO MiXK HUMU ICHYE i3OMOpPPi3M.

ABTOMOPG®I3MOM MAaTEMATUYHOI CTPYKTYPU Ha3MBAETLCA il i3omopdiam B cebe.

Mpuknag: I3omopgpizmom pirpadis (V,E) 1a (V', E') HasuBa€eTbcA Take BieKTUBHE
sBigobpakenna [V = V', wo E' = {(f(x),f(»)) : (x,y) € E}.

OAHI€ 3 BaXK/IMBUX 33434 MaTeMaATUKU € XapaKTepmnsaLia maTeMaTUYHUX CTPYKTYP 3 TOYHICTIO 40
i3oMmop@di3zmy, @ TAKOXK A0CAIAMKEHHA rpynn aBTOMOPPi3mMiB AaHOT MAaTEMATUYHOI CTPYKTYpPW.

O3HavyeHHA: MaTemaTuyHa CTpyKTypa (X, S) Ha3mMBa€eTbCA XKOPCTKOL (aHrA. rigid), AKWO ii
EAMHUM aBTOMOPPi3MOM € TOTOXKHEe BigobparkeHHA 1y: X — X,



XapaKrepusauia nopaaky Ha N

Teopema (bonbkaop): NliHinHO BnopagKkosaHa MHOXMHA (X, E) i3omopdHa NiHiNHO
BnopaakoBaHin MHoKMHI (N, <) HaTypanbHUX YMCen ToAi i nLe Toai, NoPAJoK E
ctporuii (TobTto Vx (= xEx)), MHOMHA X HeCKiHYeHHa, afie ANs KOXHoro y € X

noyaTtkosui iHTepBan Ey = {x: xEy} € CKIHUEHHOIO MHOXMHOIO.

LlAa XxapaKkTepmn3auia BUKOPUCTOBYE NOHATTA CKIHUEHHOI MHOXWUHU, AKE € HEE/IEMEHTAPHUM |
Ana cBoro GopmyntoBaHHA NOTPEOYE 3a/1y4EeHHSA MHOXKUHW HaTypaabHUX yncen. MNMpote
MOro MOXKHa nepedopMyNOBaATH B JIOTIiLLI APYroro nopAaaKy, 3aMiHAKYM CKIHYEHHICTb
CKIHYEeHHICTIO 3a [leaeKiHOOM.

O3HaveHHAa: MHOXWMHa X HAa3MUBAETbLCA

* CKIHYEHHOIO, AKLIO iCHYE BieKTMBHA PYyHKUIA F: X — n € w;

* CKiHYeHHOto 3a [leaeKkiHaoM, AKLLO KOXHa iH EKTMBHA GYHKLIA
F:X — X € ctop’eKTUBHOIO, LLIO BUPAXKAETbCA B NOriLi 2-ro nopaaky ¢opmynoto:

VF < X2 ((VxVyVYuvv ((xFy AuFv) > (x =u o y =v)) AVx3y xFy) - Vy3dx xFy).



XapaKTepusauia nopaaky Ha Z

Teopema (bonbknop): MiHiHO BnopagKkosaHa MHOXuHa (X, E)
i3oMmopdHa NiHiMHO BnopaaKkoBaHin MHOXUHI (Z, <) winnx uncen Togq, i
nuile Toai, Konu

1. nopsagok E ctporun, 106710 VX (= xEX);
2. X HeobmexeHa 3Bepxy, TobTo VXxIy xEy;
3. X HeobmerKeHa 3HU3Y, TO6TO VXxIy YEX;

4, Vx,y € X mHOXUHa xE N Ey = {z:xEz N\ ZEy} CKiH4YeHHa.

3ayBa)KeHHA: [leplwi TpM YMOBUM enemeHTapHi (3anuncani B noriui 1-ro nopsaaky),
a OCTaHHA MoxKe byTu BUpaXKeHa B JIOTiLi 2-T0 MOPAAKY.




XapaKTepusauia nopaaky Ha Q

Teopema (Cantor): NliHinHO BMOPAAKOBAHA MHOXMHA (X,E) i3omop¢Ha
NHINHO BMOPAAKOBAHIN MHOXMHI (Q, <) pauioHanbHUX YNCEN TOA, |
NINLLE TOAi, KoMK

1. nopagok E ctporuit, To610 VX (— xEXx);
2. X HeobmerKeHa 3Bepxy, Tob6T10 Vx Iy XEy;
3. X HeobmexeHa 3HU3Y, To6T0 VX Iy VEX;

4. nopAaok E winbHun, Tobto VX Vy (xEy — 3z (xEz N\ ZEy));
5. MHOXWHa X 3/1I4eHHa.

3ayBaXKeHHsA: [lepwi YOTUPU YMOBUK 3anmMcCaHi B noriui 1-ro nopaaky,
a OCTaHHA — BUPAXKAETLCA Y /IOriyi 2-ro nopAaKy.




XapaKTepunsauia nopagky Ha R

Teopema (Cantor): NliHiHO BnopAaaKoBaHa MHOXMHA (X, E) i3omopdHa NiHinHO
BnopagKoBaHin MHOXMHI (R, <) AicHMX uMcen Toai i AvLLe Toai, Konu

* nopanok E ctporui, To6to Vx(— xEx);

* nopAAdoK E winbHmui, To6TO VX V'Y (xEy — 3z (xEz A zEy));
* X HeobmexeHa 3Bepxy, To6T10 VXx3Iy xE'y;

* X HeobmerkeHa 3HM3Y, T06TO VXIYy YEX;

* nopAaaokK E HenepepBHU, TOBTO VA, B C X BUKOHYETbCA YMOBA
O+AXBCE->3IxeX(AXx{xDU({x}xB)CEUI{{x,x)};

* iCHYE 3ni4eHHa NiaMHOXMHA Q S X TaKa, wo VxVy (xEy -3z € Q (xEz A zEy)).

3ayBaXeHHsA: [lepwi YOTUPU YMOBM eNNleMeHTapPHI, a ABi OCTAHHI — Hi.




Teopema JleBeremma-Crynema

HaABHICTb aKCiOoM BMLKUX NOPAAKIB B MOAIOHUX XapaKTepm3aL,iax NOACHIOETbCA
HACTYNHOO PYHAAMEHTANbHOK TEOPEMOIO 3 TEOPIl Moaenen.

Teopema (Lowenheim—Skolem): AKWwo cncrtema akciom 1-ro nopagKy mae

HEeCKIHYeHHY moaenb, TOAI BOHA Ma€E moaeb A0BINbHOT HECKIHYEHHOI

NOTYXHOCTI.

NMpuknag: bygb-aka mogens (X, P) cuctemu akciom 1-ro nopaaxy
* Vx (= xPx)  Jx3y xPy

* VxVy (= (xPy A yPx))  VxVy (xPy - 3z (xPz A zPy))
* VxVyVz ((xPy AyPz) - xPz) e Vx,y €EX (xPyVyPxVx #Yy)

Ma€ HeCKiHYeHHUU Hocin X.



HOPCTKI MaTeMaTU4HI CTPYKTYPWU

Def: ABTomopdismom matemaTmnyHoi cTpyKTypu (X, S) HasnBaeTbeA
A0BiNbHUN i30Mopdi3m F: X — X matemaTtnuHoi ctpyktypu (X, S) B cebe.

Def: MaTemaTunyHa cTpykTypa (X, S) € 3KOPCTKOO, AKLLO EAUHUM
aBTOMOP@i3MOM LLIET CTPYKTYPU € TOTOXKHE BifobpaxKeHHA 1y: X — X.

Mpuknag: NiHindo sBnopagKkosaHi npoctopn (N, <) 1a (w, <) €
}KOPCTKMMMU MaTeMaTUYHUMU CTPYKTYpamu, a (Z, <), (Q, <), (R, <) — Hi.




ONHaMIYHI MaTeMaTUYHI CTPYKTYPU: YHApW

Def. YHapom Ha3MBaloTb matemaTuuHy cTpyKtypy (X, U), wo
CKNA[a€EeTbCA 3 MHOXWHUM X Ta YHapHol onepauii U: X — X.

B Teopii AMHAMIYHUX CUCTEM YHAPWU HA3MBAIOTb AUHAMIYHUMMU
cucTemMamm 3 AUCKPETHUM HACOM.

Def. a yHapu (X, U), (Y, V) e isomopdHMMHU, AKLWLO iCHYE TaKa bBieKuis
F:X > Y,woVx €X V(F(x)) = F(UX)).

BaXXAMBUM NPUKIAA0M YHAPY € MHOMKMHA HaTypPasibHUX YMcen 3
YHAapPHOI OMnepaLi€to HAaCTyNHMKa S:x = x + 1 = x U {x}.



XapaKTepusaLlia yHapiB HAaTypaabHUX Ta LIANX YUucen

Teopema (Dedekind, 1888): YHap (X, F') i3omopdHMIN yHapy HaTypa/IbHUX YNCEN
(N, S) Toai i nvwe Toai, konn dyHKuia F: X — X — iH’'eKTUBHAa i cnpaBaKyETbCA
aKcioma IHOYKTUBHOCTI:

Jo € X\ F[X] VAcC X ((0 e ANF[A] € A) - A =X).

Teopema (ponbknop): YHap (X, F) isomopdHuii yHapy uinmx umcen (Z,S)

3 onepauieto S:Z — Z, S:z — z+ 1, 10A4i i "nWe TOA, KONU
* PyHKUiAa F: X — X — BiEKTUBHA;

« JA C X (F|A] c A # F[A]);

s VACX(FIA]=A+0 - A=X).

3ayBaxkeHHsA: YHap (N, S) € »KOpCTKOO MaTEMaTUYHOI CTPYKTYPOIO,
a yHap (Z,S) — Hi.




[ani byne!
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