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OcHoBu leomerTpii
UMM € €BKNIA0BA reomeTpia | AKe 1l micue

B CY4aCHIM TEOPETUKO-MHOXMHHIN Napaaurmi
MATEMATUYHUX CTPYKTYP bypbaki?




LLIHYpKOBa reomMeTpis

HacnpaBgi eBKNigoBy reoMeTpito MOXKHaA OBrpyHTYBATH | BUKNaAaTH, BUXOAAYMN NLLIE
3 ABOX HEO3Ha4YyBaHMUX MOHATb: «TOYKA» Ta «LWHYPOK», a YCi IHLWI NOHATTA
(<KOHFPYEHTHICTbY, «NEeXaTU MiXK», «BiAPI3OK», KNPAMA», KMAOLWMHA», KKYT» TOLWO),
CTPOro 03Ha4yyBaTM Yepe3 NOHATTA LWHYPKa.

Bnbip WHypKa AK NePBMHHOIO reOMeTPUYHOIO NOHATTA 3YMOBOETLCA TUM,
LLIO LWHYPOK OYB NepLmnm reomeTpUYHUM iHCTPYMEHTOM, SKMM OBO10A,i10 NHOACTBO,
a B)e B ApeBHbOMY ErmnTi 0BO/OAINO0 LiZIKOM BMNPABHO.
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TepmiHonoriyHe 3anmMTaHHA Ha mathoverflow

= ke e compads space teiminalogy. - loel David Hamion

A name for a mathematical structure of geometric type i s Y s oot 00 o sk G i e

Epaces can provide very slegant foundations of geometry (maybe oven better than thase of Tarsky who

Askecl 4 I'ﬂOI"IthS ago MOdiﬁEd 3 months ago \.-"I'E\’\-'ed 297 times bisl the geomebry on fo w iedingd nobons: the bebaseniness redadicn and the congruence, in contras
ire of a compass space has just one endefned notion: a 53 betweenness @n be sasity

i) the cormpuss 1 tirne | thinking how 1o teach Foundations of Geametny in (e

) L. . Lo simplast possible way. - Tar kh #
| am looking for (maybe existing) name for a mathematical structure (X, <) consisting of a set X
re d X, =) coudd be a tarsitive metric space, This name emahasres

£ ,-aswell as the fact that it is-a gerel

& Ona possdle nama for such a st

and a transitive relation < C X2 x X2 suchthat zz < yz < zyand (zy < 22 = z = y) for b trarsiivet propesty of the ek
? every ., v, z c X Here fOF elements T,y c X | denote by Y the ordered pair (:I!, y) medic space. Alteimalely :L'.q.-:cl be called a trarmitve distence spece to emphasize he comection b

ditkance-lice structures. — canvan 12l

mion of the ration of a

For “the si rartre (which

plest possiblo way” of teaching plane peometny. aligning with the et
yle geometny) seems more important

There are at least three important examples of such mathematical structure:

ndudes muhiple books and web resouces on Tarsi

reducing two primitives. to one which iz interdefiratle ;:.-'.I'.'.Iw'r usprdd 141
1. a metric space (X! d) in which Ty ‘“<- uv is defined as d(ﬂ?, y) S d(u} U); dtattF kaybe for professongt mathematicians, the choe of undefined rotans and adoms & nor so
is @ matter of understanding or not
mpartant. fnd if you o any

. . . . mportant, but for students twho-are not fam
2. an ordered group (X, +, <) in which 2y < uwv is defined as |z — y| < |u — v|; unclorstanding what is geing on, s far edur

testhoak on Tarski-shie geamelry, witben in Engsh. share ths infamaban, please Tiras Baraioh

ar with the subj
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3. the Fuclidean or hyperbolic plane in which zy < ab means that xy is congruent to ac for

some e € [a, b].
1 Answer Sorted by Highest soore (default) H

Question. What would be a good name for such a structure (X- ‘5:;)? After a bonig search, | have finally found an-existing well-known geometric tool that does exactly
what 15 required: it compares distances without EEprassing them in real numbars, Thes ITHRASLITING

) mstrurnant is called a rope and has been used in the human civilization since the ancient trmes,

| thought about protometric spaces but this name is already occupied for something_different.

For exampls, a1 this picture taken froem The tomb of Méena (22 1350 BC) we can <iée 15 called

niaptal, who professionally used swch a rope;
Econankal

Maybe to call it a compass space? Because the standard compass can be used for comparing
distances (this is exactly what this mathematical structure describes). What do you think? Google i‘ PE
shows nothing mathematical for the search “compass space". '

mg.metric-geometry | | foundations | | geometric-structures | Edit tags

Share Cite Edit Close Delete Flag edited Jan 11 at 0:35 asked Dec 8, 2022 at 813

Taras Banakh 50, | suggest the lollowing terminclogy

Definitian 1. A rope on a set X s a relation = C X7 » X7 satisfying thwes aome



MaTemMaTUyHUU LLIHYPOK

O3Ha4veHHA: LLHypKom (aHMiMCbKO rope) Ha MHOXKUHI X bygemo Ha3uBaTu
GiHapHe BigHOWeHHA < C X? X X? MixK BNOpAAKOBAHMMM Napamm TOYOK, LLIO
3310BOJIbHAE 3 aKCIOMMN:

(TR)Va,b,u,v,x,y € X (ab <uv A uv < xy) = (ab < xy),

(ES) Vx,y € X (xy < yx),

(ZD) Vx,y € X (xx < yy).

[To3HaYeHHA UMX aKCIOM NOXOAUTb Bif, IXHIX NOBHUX aHMNIMCbKUX HA3B:

TRansitivity, End-Symmetry, Zero-Distance.

Lle 03Ha4YeHHA PopMani3ye MOXKINUBICTb BUKOPUCTAHHA WWHYPKA ANA NOPIBHAHHSA
BiACTaHEN MiK TOYKamM (6e3 BUMiptoBaHHA iXHbOIO YNCIOBOTO 3HAYEHHS).

3 aKciom (TR)+(ES) Bunnmnsae pednekcmBHIcTb WHypKa: Vx,y € X xy < yx < xV.



[leAKi BNaCTUBOCTI WWHYPKIB

O3Ha4vyeHHA: LLHYpOK < Ha MHOXWHiI X Ha3MBatoTb

* NiHINHUM, Aakwo Va,b,x,y € X (ab < xy V xy < ab)

* 3HAKO3MIHHUM, AKWO VX, Y,z € X (xy < zzV zz < xy)
°* HeBia'eMHUM, AKWO VX, Y,z € X (zz < xy)

° 00AATHIM, AKWO BiH HeBIiA EMHUN i VX, y,z € X ((xy <zz) o> Xx= y).
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[IpnKnaay Ao0AaTHUX NiHIMHUX LUHYPKIB

Mpuknapg 1: KoxkeH meTpmyHuin npocTip (X, d) mae KaHOHIYHNI AOAATHIN
NiHIMHWI WHYPOK <, 03HauYeHui popmynoto xy < ab < d(x,y) < d(a,b).

Mpuknapg 2: KoxkHa BnopsagkosaHa rpyna (G, +, <) Ma€ KaHOHIYHUN OO0OATHIN
NiHIMHUI WHYPOK <, 03Ha4YeHUn popmynoto xy < ab < |x —y| < |a — b|.

Mpuknap 3: leomeTpUYHMIN NPOCTIP, WO HAC OTOYYE MAE NPUPOAHUN NiHIMHNIN

AO0AaTHIN WHYPOK, NPOTE HE MAE KAHOHIYHOI METPUKMN.




KaHOHIYHUWM NiIHIMHUM WHYPOK Ha Ncesao-EBKNiAOBOMY NPOCTOPI

Harapgaemo, o KBagpaTtu4yHoO GOPMOLO Ha NiHIMHOMY NpocTopi X Haa nonem F
Ha3mBaeTbcs PyHKUIA g: X — F suay q(x) = (x|x), ne (|): X X X - F — penaKa
cMmeTpuyHa biniHinHa popma Ha X.

lMpuknag: KoxkHa kBagpatmuHa ¢opma g: X — F Ha niHinHomy npocTtopi X Hag BNOPAAKOBAHUM
nonem (F, (+,, SF)) NOPOAXKYE KAHOHIYHNIM NIHIMHNIM WWHYPOK < Ha X, W0 03HA4YyeTbCA GOPMY/IOLO:

xy <ab e q(x —y) <p q(a —Db).

30Kpema, Ans A0BiIbHUX HaTypasbHUX Yncen p, n ncesao-Esknigosuin npoctip RP™ mae mae
KQHOHIYHMN NIHINHWMIN WWHYPOK <, LLLO 03HAYYETbCA GOPMYNOoI0

2 2
xy<ab < Z(Xi —yi)? — Z(xp+j — Yp+j) < Z(ai — b;)? - Z(ap+j —bpej)

LED JEN LED JEN
Llen wHypoK € goaatHUm Toai i anwe toai, Konn n = 0, TobTto Konmn ncesao-EsKinigosum
NpocCTip € EBKNiAOBMM, | TOAI LEN LUHYPOK NOPOAXKYETLCA EBKNIAOBOKO METPUKOILO.



LLle oAWH KaHOHIYHWM LLIHYPOK Ha NceBao-EBKNIAOBOMY MPOCTOPI

Mpuknaan: KoxkHa KBagpatnuyHa ¢opma g: X — F Ha niHinHOMy npocTtopi X Hag
BNOPAAKOBAaHUM Noaem (F, (+,, SF)) MOPOAKYE HEBiA EMHUM LHYPOK < Ha
X, WO O3HAYYETbCA POPMYNOLO:

xy < ab o ((Iq(x = y)| <¢ lgla— b)) A (0 <¢ q(x =) - q(a — b))).

30Kpema, Takunii HeBia eMHUN LWHYPOK Ma€ A0BiNbHUI NceBao-EBKnigosunin npoctip RP™,
Llei wHypoK Ha RP'™ €
* NiHIMHWMM TOoAi | Anwe Toai, Konn p - n = 0;

e f0AaTHUM Togi i anwe Toai, konam n = 0, Tob6To Konn ncesno-Esknigosnii npoctip RP™ €
EBKNiAOBUM, | TOAI LEN LUHYPOK NOPOAXKYETLCA EBKIAOBOKD METPUKOLO.



LLIHYpPKOBI CTPYKTYPU Ta iXHi i30MOpPi3mm

O3HauyeHHsa: LI/HYpKoB8o CMpPYKMyporo Ha3UBAETbCA MaTeMaTUyHa CTpyKTypa (X, <),
AKA CKNAAa€ETbCA 3 MHOXUMHMN X Ta WWHYPKA < Ha X.

O3HaveHHA: [Bi WHypKoBi cTpyKTypn (X, <y )i (Y, <y) Ha3uBalTbCA i30MOPPHMMU, AKLLO
icHye Taka biekuia F: X — Y, wo Vx,y,u,v € X xy <y uv < F(x)F(y) <y F(w)F(v).

Mpobnema (Bigkputa): Oxapakmepulysamu WHYPKOBI CMPYKMypu, i30MOPHI
ncesdo-Esknioosum npocmopam RP9, 30kpema ncesdo-EsKknidosomy yaconpocmopy
MiHKkoscbkozo RY3.

Mpobnema (po3s’azaHa): Oxapakmepu3ysamu WHYPKOBi CMPYKMypu,
i3oMopaHi esknidosum npocmopam R™.

Mwu gamo BignoBiAb Ha U0 Npobnemy, Ha OCHOBI MOAMGDIKOBAHOI aKCiOMaTUKM TapCbKoro.

Cnepwy 03Ha4YMMO AeAKi 3BUYHI HAM reOMeTPUYHI MOHATTA Yepes CTPYKTYPY WHYpPKa.



KOHIPYEHTHICTb B LLHYPKOBUX CTPYKTYPaXx

O3HauveHHA: OnA WHypKoBoi cTpyKTypu (X, <) BiaHOLEHHA
KOHTPYeHTHOCTI = € X? X X2 o3HauyeTbca GOPMYIoH0

xy=uv & (xy <uv A uv < xy).

3ayBaXkeHHsA: 3 pedNEeKCUBHOCTI Ta TPAH3UTUBHOCTI LUHYPKA BUNAMBAE, WO
BiJHOLLIEHHA KOHIPYEHTHOCTI € BiAHOLIEHHAM eKBiBaJIeHTHOCTI Ha X 2.

O3HauveHHA: Ana WHYPKoBOi CTPYKTYpU (X, <) BieKTUBHe BioobparkeHHA
F: X — X Ha3suBaeTbcs izomempieto, akwo Vx,y € X (xy — F(x)F(y)).




Cohdepu Ta Kyni B LUHYPKOBUX CTPYKTYpPaXx

O3Ha4vyeHHA:

[nAa ToyoK ¢, u, v € X WHYPKoOBOT cTpYKTYpH (X, <), MHOXKUHA

c =uv:={x € X:cx = uv}
Ha3MBaTbCA CHepoto pasiyca UV HABKOIO TOUKM C.

Kyneto pagiyca uv HaBKOJ10 TOYKM C Ha3UBAETbCA MHOMMHA

c<uv:i={x€X:(cc<cx <uv)V (uv < cx < cc)}.



AdiHHi Ta onyKni 060N0HKU B LLIHYPKOBIN CTPYKTYDI

O3HauveHHA: Ana niaMmHOXnHN A © X WwHYpKoBoi cTPYKTYpU (X, <), MHOMUHMU
[Als ={xeX:{x} =Ngeaa < ax},
[A]= = {x € X:{x} = Nges @ = ax )

HA3MBAOTbCA OMNYK/100 Ta aPiHHOK 0O0NOHKOK MHOXMHU A, BiagnoBigHO.

O3HauvyeHHA: [na WHYPKoBOI CTPYKTYpU (X, <) KapauHan

GPS(X, <) = min{|4|: 4 € X = [4]-.}

Ha3MBaeTbCA GPS-cknaaHICTIO WHYPKOBOI cTpyKTYpK (X, <).

Mpuknag: GPS(R™) = n + 1 ana koxkHoro n € N.
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To Trilaterate, GPS

Ta Measure Travel

Measures Distance
Using the Travel
Tima of 3 Radia
Signal

Time, GPS Neads
Very Accurate
EIFH:HE 7 a4

In Addition ta
Knowing the
Distance to a
Satellite, a User
Meads (o Know the
Satellite’s Location

As the GPS Signal
Travels Through the
lonosphere and
Earth's Atmosphere,
Trilateration From it Gels Delayed
Salellites is the
Basis of the System




[IpAMmi Ta BiAPI3KU B LUHYPKOBIN CTPYKTYPI

O3HauyeHHA: [na pi3HUX TOUOK U, V € X WHYpPKoBOI cTpyKTypu (X, <) adiHHa obonoHKa

luvlz = {x e X: {x}=u=uxnv = vx}
ayénetony {u, v} 3s8eTbca Npamoto, Lo NPOXOANTb Yepes TOUKU U, V.

O3HauveHHA: [na ToyoK U, ¥ € X WwHypKosoi cTpyKTypu (X, <) onyKkna o60/M0HKa
luvlc i ={xeX:{x}=u<uxnv < vx}}

ayénetoHy {u, v} 3seTbca BiAPI3KOM 3 KIHUAMM U, V.

O3HayeHHA: [NA TPbOX TOUOK X, V, Z € X WHYPKOBOI CTPYKTypH (X, <) nuwemo Bxyz i
KayKeMo, L0 VY /IEXKUTb MiXK TOUKaMU X Ta Z, AKWO V € [xz]_.

O3HayeHHA: [NA TPbOX TOYOK X, V, Z € X WHYPKOBOI cTpYKTYpH (X, <) nuwemo Mxyz |
KayKeMmo, Lo Y — cepeaunHa Biapiska x Ta z, AKWO y € [xz|-. i xy = yz.




LLIHypKoBi NnpocTopu TapcbKoro

O3HayveHHA: LWHypKoBa cTpyKTypa (X, <) HAa3MBAETbCA WHYPKOBUM MPOCMOPOM
TapcbKo20, AKWO WHYPOK < A0AaTHMIK, TOOTO

Vx,y € X ((x =y) o (‘v’a,b €EX (xy < ab)))
| BUKOHYIOTbCA HACTYMHI TPU aKCiomum:
(SC)Vx,y,a,b e X3z € X (Bxyz A(yz = ab));
(PA) Va,p, b,q,c € X (Bapb A Bbgc - 3x € X (Bpxc A Baxq));

A A AN AN N VWV

(X # 9 ABEPZ ABXYZAZP = XY A P2

VEARD = XV A 9D = §U) - (20 = 2D).



XapaKtepu3auia R, Zi BnopaaKoBaHUX rpyn

Teopema: LLUHypKoBa cTpyKTypa (X, <) i3omopdHa LLHYPKOBIN CTPYKTYPI
npaAmoi R Toaj i anwe toai, koam (X, <) € WHypKoBuMii NpocTopom TapcbKoro,
LLLO 330BOJ/IbHAE 3 aKCIOMMU:

(MP)Vx,z € X Ay € X Mxyz;

(L) 3a,b € X (a + b AVx € X (BxabV Baxb V Babx));

(CA)VA,B € X Vo (Va € AVb € BBoab) » (3xVa € AVb € B Baxb).
3ayBa)keHHsA: LUHypKoBUM NpocTip TapCbKOro 3a40BO/IbHAE

e akciomu (L) i (CA), Toai i nnwe Toai, Konm BiH i3omopdHUN Z abo R.

e aKkciomy (L) Toai i AvLwe Toai, KOAU BiH iI30MOPPHUN LUHYPKOBIN CTPYKTYPI
AeAKOol HeTpUBIaNIbHOT BNOPAAKOBAHOI rpynu.



XapaKTepusaLlia eBKAI40BOro Npocropy

Teopema (Tarski —Szmielew — Gupta — B.): lHypKoBa cTpyKTypa (X, <)
i3oMopdHa LLHYPKOBIl CTPYKTYpi eBKAigoBomy npoctopy R™ sumipy n = 2 Topai
i anwe Toai, (X, <) € WHypKOBUM NpocTopom TapcCbKoro, Lo 3a40BO/IbHAE 3
aKciomum:

(BA)Vx,y,z € X (Bxyz V Bxzy Vv Byxz Vv (EIC (cx =cy = CZ)))
(CA)VA,B S XVo € X (Va€e AVb € BBoab) » (3xVa € AVb € B Baxb)
(Dn) GPS(X, <) =n + 1.

s Teopema Karke, L0 WHYPKOBY CTPYKTYPY N-BUMIPHOTO €BKNiA0BOro NPOCTopy
MOXXHa O4HO3HAYHO OXapaKTepmn3yBaTn 9-ma akciomamm, cepel AKX 8 aKCiom
nepLworo NopAAKY I o4Ha aKCioma Apyroro nopagky.



AKCioMU NapanenbHocTi bonbal, TapcbKoro Ta iH.

Y nonepegHin Teopemi akciomy napanenbHocTi bonbAai
(BA) Vx,vy,z (Bxyz V Bxzy Vv Byxz VvV (Elc (cx =cy = cz)))

MOXHa 3aMIHUTU AeAKUMU IHLWLNMU eKBIBAaIEHTHUMMU aKCIOMaMM,
30Kpema, AKciomoro TapcbKoro:

(TP) Va,b,c,u,v (Bbuc A Bauv — 3p,q (Babp A Bacg A prq))
abo Akciomoto CepeaHboi JliHii:

(ML) Va,b,c,x,vy,z ((Maxb AMbyc A Mazc) - (xy = az)).
3ayBakeHHA: [lna posinbHOro npoctopy Tapcbkoro, (BA)&=(TP)=(ML)

ane (ML) = (BA)<(TP) nnwe 3a HassBHOCTI akciomu Apximeaa, AKa
BUNAMNBAE 3 akciomun HenepepsHoOcCTi (CA).




XapakTepu3auis (He)eBKAigOBMX NPOCTOPIB

Teopema: LLIHypKoBui npocTip Tapcbkoro X isomopdHMm npoctopy Z abo
AINCHOMY eBKNIAOBOMY MPOCTOPY ToAi i Anwe Toai, Konn X 3a40BO/IbHAE 2
aKciomm:

(BA) Vx, vy, z g?xyz V Bxzy VvV Byxz VvV (EIC (cx =cy = CZ)))

(CA)VA,B €S XVo € X (Va€e AVb € BBoab) » (3xVa € AVb € B Baxb).
Teopema: LLHypKoBUK npocTip Tapcbkoro X isomopdHMM BNOPAAKOBAHIN rpyni

abo eBKNiAOBOMY NPOCTOPY HaA NiParopoBMMm BMNOPAAKOBAHUM MNONEM TOA, i
JIULLIE TOAi, KON BiH 3a/10BOJIbHAE aKciomy napanenbHocTi (BA).

Def: Mone F Ha3mBaeTbea nidaroposum, Akwo Vx € F 3y € F (x? + 1 = y?).

Teopema: LLHypKoBUK NpocTip TapcbKoro isoMmopdHUN AesKOMY NPOCTOPY
JlobayeBCbKOro ToAi i anLie Toai, Koau BiH 3a40B0AbHAE akciomu —(BA) i (CA).




NnnaktTMyHMmM BUCHOBOK

EBKNiAOBY reOMEeTpIt0 11-BUMIPHOTO €BK/iAOBOro NPOCTOPY MOXXHA BMKIAAaTU AK
reomeTpito WHYPKoBOi CTPYKTYpH (X, <), AKa 3a40BONbHAE 9 aKCiOM:

(TR) Va, b,u,v,x,y € X (ab < uv A uv < xy) - (ab < xy),

(ES) Vx, v € X (xy < yx),

(PD) Vx,y € X ((x =y) e Va,beX (xy < ab))

(SC)Vx,y,a,b e X3Jz € X (Bxyz A(yz = ab))

(PA)Va,p,b,q,c € X (Bapb A Bbqc — 3x € X (Bpxc A Baxq))

AN A N ANV NV VWV

(X =Yy ABXYZABXYZAXY =XYANVZ=VZIAXD=XUAN YD = yv) = (2V = ZD)
(BA) Vx,y,z € X (Bxyz V Bxzy VByxz Vv (3c € X (cx = ¢y = ¢z))
(CA)VA,BS XVo€e X (Va€e AVb € BBoab) » (3x € XVa € AVb € B Baxb)
(Dn) GPS(X, <) = n + 1.
Akciomu (TR)--(FS) onucytoTb HeEMTPanbHY reoMeTpito A0BI/IbHOMO BUMIpY.
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